7.1 Indefinite Integrals Calculus

Learning Objectives
A student will be able to:

Find antiderivatives of functions.

Represent antiderivatives.

Interpret the constant of integration graphically.
Solve differential equations.

Use basic antidifferentiation techniques.

Use basic integration rules.

Introduction

In this lesson we will introduce the idea of the antiderivative of a function and formalize as indefinite integrals. e
will derive a set of rules that will aid our computations as we solve problems.

Antiderivatives

Definition
A function £l -";'is called an antiderivative of a function fif F -";' = fl -";‘for all in the domain of .f-

Example 1:

dh o9 . N e F v 3
Consider th_? function f2) = 32%.can you think of a function Flr)sych that F'lx) = flx) (Answer: Flz) =,
Flzr) =2’ - D-manyotherexamples.)

- o R
Since we differentiate £ (%o get Flx).we see that Fl) = 27 + Cuwill work for any constant ¢".Graphically, we can

oo 3 .
think the set of all antiderivatives as vertical transformations of the graph of Fla J' = ' .The figure shows two such
transformations.
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With our definition and initial example, we now look to formalize the definition and develop some useful rules for
computational purposes, and begin to see some applications.

Notation and Introduction to Indefinite Integrals

The process of finding antiderivatives is called antidifferentiation, more commonly referred to as integration. We
have a particular sign and set of symbols we use to indicate integration:



/.j" (x)dr = Flx) +C.

We refer to the left side of the equation as “the indefinite integral of I I:-*'J'with respect to ." The function fl -*';'is called
the integrand and the constant ('is called the constant of integration. Finally the symbol drindicates that we are to
integrate with respect to .

Using this notation, we would summarize the last example as follows:

/ 3ride =27 + C

Using Derivatives to Derive Basic Rules of Integration

As with differentiation, there are several useful rules that we can derive to aid our computations as we solve problems.

) =a" [n#

The first of these is a rule for integrating power functions, fle - 1]-and is stated as follows:

1
dr = —.'”+] e
f: il ”+1: +

Flx) = L gt oon £ -1

We can easily prove this rule. Let = * nt+l’ . We differentiate with respect to :rand we have:

Fiz) < (ﬁ.r'ﬂ'l + f__') = i (%1:“1) + -i'_(f-lj

1 o d
- I
N (?1+ 1) da =) dz ©)
n+1y
_(?1+1) ||

The rule holds for il -I':' = -I'”[I L7 — 1] ‘What happens in the case where we have a power function to integrate with

1. _ [1g.
r™'dr = [ 24T \ye can see that the rule does not work since it would result in division by ). However,

F'x) =

T :—lsayf

‘ 1
if we pose the problem as finding F -"J'such that z, we recall that the derivative of logarithm functions had this

, dlpyr =21
form. In particular, d= ~* x. Hence

1
/—ri.r =Inr+C.
T

In addition to logarithm functions, we recall that the basic exponentional function, il -";' = c".was special in that its
derivative was equal to itself. Hence we have

/ edr = e* + .

Again we could easily prove this result by differentiating the right side of the equation above. The actual proof is left as
an exercise to the student.

As with differentiation, we can develop several rules for dealing with a finite humber of integrable functions. They are
stated as follows:



1f fand Jare integrable functions, and 'is a constant, then

[ 1@+ ot@d = [ farie+ [ atera
[i5=) ~otwliz = [ sis m_[g
[ci@iiz=c [ =

Example 2:

Compute the following indefinite integral.

/ [2.:'3 + i, - l:| dar.
r? o

Solution:

Using our rules we have

f ['E_r3 +ig — —1] dr = '-'[ ridr + Eflgd_r — fld_r
T T T T
i.-i I.—1
— — T .
._(_1)+3( 1) Inzr+C

_i:d 3 1 - [:_-'
=37 nr+L.

Sometimes our rules need to be modified slightly due to operations with constants as is the case in the following

example.
Example 3:

Compute the following indefinite integral:

/ e

Solution:

dx
‘However, if we

d
We first note that our rule for integrating exponential functions does not work here since 7"
remember to divide the original function by the constant then we get the correct antiderivative and have

.-.h. Iil o tl.’h. + {_‘
¥ r = .j s

We can now re-state the rule in a more general form as

ke
[ & 1
e = +
f‘ 2




Differential Equations

We conclude this lesson with some observations about integration of functions. First, recall that the integration process

allows us to start with function Jf from which we find another function £ ()such that () = (). This latter equation
is called a differential equation. This characterization of the basic situation for which integration applies gives rise to a
set of equations that will be the focus of the Lesson on The Initial Value Problem.

Example 4:

Solve the general differential equation f -*',':' =3 4 /r.
Solution:

We solve the equation by integrating the right side of the equation and have

flz) = / flo)dr = / r3dr + / Vrdr.

— 1
We can integrate both terms using the power rule, first noting that ' ¢

TZ.and have

Lesson Summary

We learned to find antiderivatives of functions.

We learned to represent antiderivatives.

We interpreted constant of integration graphically.

We solved general differential equations.

We used basic antidifferentiation techniques to find integration rules.
We used basic integration rules to solve problems.

ounhwwn =

Multimedia Link

The following applet shows a graph, fl -*'J'and its derivative, il *J' This is similar to other applets we've explored with a

function and its derivative graphed side-by-side, but this time fl -"J'is on the right, and f -"J'is on the left. If you edit the
definition of f -*';', you will see the graph of .f I:-*'J'change as well. The cparameter adds a constant to ./ ), Notice that

you can change the value of cwithout affecting f'lz), Why is this? Antiderivative Applet.



http://www.calculusapplets.com/antislope.html

Review Questions

In problems #1-3, find an antiderivative of the function

In #4-7, find the indefinite integral

4, fl'j-l-ydrh
5. f'jlr—d VP dr
6. I|[I: rh
7. Ix+—dx

8. Solve the differential equation £ ’;' =da’ — 30 + o — 3,
9. Find the antiderivative ¥ () of the function f{) = 2e* 4 x —2 that satisfies F'(0) =
10. Evaluate the indefinite integral I|X| dx. (Hint: Examine the graph of f (X) = |X| )

Review Answers

) =34
F[.r} = D+ 1};:

rh =2r —|—Vdr +C
f N — 3 Sdr = J__i +
Jla? Ya)de = Sas T4C

1 x> 4

X+ =—-—7=+C
'[ x 4/x 2 4x

N oo W=
—_—
—
1]



Indefinite Integrals Practice

1. Verify the statement by showing that the derivative of the right side is equal to the integrand of the left

side.

a. j(—%)dx:%+c b. j(l—#}dx:x—silhc
2. Integrate.

a. j6dx b. j3t2dt C. .[5x’3dx d. Idu

e. Ix%dx f. j%&dx g. j%dx h. I%dx

i. j(x3+2)dx j. I(Zx%+3x—1)dx k. j%fx_zdx l. J.%dx

m. I%dx n. J‘ttherdt 0. J'u(3u2+1)du

p. _[(x—l)(6x—5)dx q. jyz\ﬁdy

3. Find two functions that have the given derivative and sketch the graph of each.

a. b.

- I SRR A |
—= kW
T T T T 1

&4 3 247 1 23 45

A

N

Answers: (Of course, you could have checked all of yours using differentiation!)

2. a. 6x+C b t2+C C. —%+C d. u+C
X
2 5 3, 2 1
e. —X?2+C f. =3Ix" +C . —+C h. —+C
5 4\/_ K e
4
i, X roxec j. 5 %+§x2—x+C K. §x%+C l. —LZ+C m -2 4C
4 7 2 5 2X 4x
n. t—z+C 0. §u“+1u2+C
t 4 2

p. 2x3—1—21x2+5x+C q. %y%+c



7.2 The Initial Value Problem

Learning Objectives

¢ Find general solutions of differential equations
¢ Use initial conditions to find particular solutions of differential equations

Introduction

In the Lesson on Indefinite Integrals Calculus we discussed how finding antiderivatives can be thought of as finding

solutions to differential equations: F -*'J' =f I:-*';'-We now look to extend this discussion by looking at how we can
designate and find particular solutions to differential equations.

Let’s recall that a general differential equation will have an infinite number of solutions. We will look at one such equation
and see how we can impose conditions that will specify exactly one particular solution.

Example 1:

Suppose we wish to solve the following equation:
Flz) =¥ — 6y

Solution:

We can solve the equation by integration and we have
. | . :
fla) = E[-'h — 4zt 4 C,

We note that there are an infinite number of solutions. In some applications, we would like to designate exactly one
solution. In order to do so, we need to impose a condition on the function J-We can do this by specifying the value of [

for a particular value of x.In this problem, suppose that add the condition that I [[]J' = 1-This will specify exactly one
value of ("and thus one particular solution of the original equation:

. iy — 1 3 2 -
Substituting / '-[]J' = linto our general solution I l-"::' =3 - a7 + ¢ gives

=1-1_-2 o flx) = ke — 4ot 4+ L . . . .
- 3 3°Hence the solution # '/ ™ 3 = T Fis the particular solution of the original equation

..--I _ _3 y i o .
fHa ;' =" — By/a satisfying the initial condition 1 |-[]J' =1

1 = %(,:3.;"; — -1[[]}..‘:L +Co,

We now can think of other problems that can be stated as differential equations with initial conditions. Consider the
following example.

Example 2:

Suppose the graph of .f'inc!udes the point (2. 6i)and that the slope of the tangent line to ./ at any point :ris given by the
expression 3 + 4.Find f (—2).

Solution:

We can re-state the problem in terms of a differential equation that satisfies an initial condition.



f'lz) =3z +dyin £(2) =

By integrating the right side of the differential equation we have

flzi= 31:2 + 4 + ' as the general solution. Substituting the condition that f{2) = 6 gives

3

a2 A
6= 5(2)° +4(2) + ¢
6=6+8+0C,
=8,

o 3.3 o T
Hence /| ) = i + 4a 8is, the particular solution of the original equation fle) =3+ ‘lsatisfying the initial
condition [12) = 6.

Finally, since we are interested in the value fl= J' we put —2into our expression for Jand obtain:
fl—=2) =—10
Lesson Summary

1. We found general solutions of differential equations.
2. We used initial conditions to find particular solutions of differential equations.

Multimedia Link

The following applet allows you to set the initial equation for f "[-*';'and then the slope field for that equation is displayed.

In magenta you'll see one possible solution for fl ‘;' If you move the magenta point to the initial value, then you will see
the graph of the solution to the initial value problem. Follow the directions on the page with the applet to explore this
idea, and then try redoing the examples from this section on the applet. Slope Fields Applet.

Review Questions

In problems #1-3, solve the differential equation for flx).

L 7(r) =22 - 27
5 f'lx) =sinx — ri
3. M) = (24 x)/x

g @) =6 — 4 + 104 £(1) =

s f'lxr) =32 + t'h and f(0) = 3.

6 fllx)=vaZ—L L r(1) =3

7. fllz) =(2c0sr—sinx) -5 = ¥ = 3. 5nd f(&)=3+1

8. Suppose the graph of f includes the point (-2, 4) and that the slope of the tangent line to f at x is -2x+4. Find

f(5).


http://www.calculusapplets.com/slopefields.html

In problems #9-10, find the function [that satisfies the given conditions.

o, F(x) =sinz — =2 g 1(0) = § g £(0) = 0
LT |
0. /%) = 7 i f'(4)=7 and f(4)=25

Review Answers

W OINO U AWM
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Initial Condition & Integration of Trig Functions Practice

1. Find the particular solution y = f (x) that satisfies the differential equation and initial condition.
a. f'(X)=3Jx+3 f(1)=4 b. f'(x)=6x(x—1), f (10)=—

c. f'(x)= XX x>0, f(2)= d. f'(x)=sec?x, f( j 23
2. Find the equation of the function f whose graph passes through the point.
f'(x) =6vx -10, (4,2)

3. Find the function f that satisfies the given conditions.
a. T"(x)=2, 1'(2)=5, f(2)=10 b. f"(X)= x % f '8) =6, f(0)=0

4. Integrate.
a. j(23inx+3cosx)dx .[l cscteott)d
C. j(cscze—cose)de _ft —smt dt
Answers:
1. a. f(x)—2x%+3x—l b. f(x)=2x>-3x*-1710

¢ foo=—+iil
x> x 2

2. f(X) =4x4 —10x+10

f(x):tanx+\/§

o

3. a f()=x*+x+4 b. f(x)—_ %

4. a. —2Ccosx+3sinx+C b. t+csct+C
3

c. —cot@d—-sin@+C d. t§+cost+C



7.3 The Area Problem

Learning Objectives

e Use sigma notation to evaluate sums of rectangular areas
e Find limits of upper and lower sums
e Use the limit definition of area to solve problems

Introduction

In The Lesson The Calculus we introduced the area problem that we consider in integral calculus. The basic problem was
this:

¥ ] L 7
flx) =1-"' -Suppose we are interested in finding the area between the xr—axis and the curve of flx) = x* from = = ()
tor =

We approximated the area by constructing four rectangles, with the height of each rectangle equal to the maximum value
of the function in the sub-interval.

R1 R2 R3 R4

We then summed the areas of the rectangles as follows:

[ 5] iy 8

and

We call this the upper sum since it is based on taking the maximum value of the function within each sub-interval. We
noted that as we used more rectangles, our area approximation became more accurate.

We would like to formalize this approach for both upper and lower sums. First we note that the Jower sums of the area
of the rectangles results in By + Hy + Ry + Ry = 13/64 = []-2[]Our intuition tells us that the true area lies
11



somewhere between these two sums, or 1.200 <= Area < ().46and that we will get closer to it by using more and more
rectangles in our approximation scheme.

In order to formalize the use of sums to compute areas, we will need some additional notation and terminology.
Sigma Notation

In The Lesson The Calculus we used a notation to indicate the upper sum when we increased our rectangles to N = 16

A 16 R 1 P
and found that our approximation ** = £~1 R = 512 ™ []'38. The notation we used to enabled us to indicate the sum
without the need to write out all of the individual terms. We will make use of this notation as we develop more formal
definitions of the area under the curve.

Let's be more precise with the notation. For example, the quantity A= Z i iwas found by summing the areas of
N = lfirectangles. We want to indicate this process, and we can do so by providing indices to the symbols used as
follows:

16

A=Y Ri=Ri+R+Rs+..+ Ris + R

i=1
The sigma symbol with these indices tells us how the rectangles are labeled and how many terms are in the sum.
Useful Summation Formulas

We can use the notation to indicate useful formulas that we will have occasion to use. For example, you may recall that

the sum of the first nzintegers is ™ (n + IJ.I'IE-We can indicate this formula using sigma notation. The formula is given
here along with two other formulas that will become useful to us.

o onin+1
Z!=¥.

i=1 -

"o nn4+10(2n4+1)
S o nntlEntl)
i=1

g£3= [wr

We can show from associative, commutative, and distributive laws for real numbers that
(] [ ([ i (] [

> imglai + b;) = Zs=1|-”r';' + Z;=1|.|’fs}and
T i T i

S0 ka) = RS (a;).

Example 1:

Compute the following quantity using the summation formulas:

10

> " 2i(i — 6i).
i=1

Solution:

12



0 10

}:mu—5n=E:mﬁ—mﬂ=zﬁiﬁ—¢9§}
i=1 i=1

i=1 i=1
0104+ 1)(2- 104 1)\ /(10)(11)
= 2( 6 )‘12( 2 )
= 770 — 660 = 110.

Another Look at Upper and Lower Sums

We are now ready to formalize our initial ideas about upper and lower sums.

Let fbe a bounded function in a closed interval [@: Pland £ = [0, - - . Tu lthe partition of 2. Blinto nsubintervals.

We can then define the lower and upper sums, respectively, over partition F, by

S(P) = Z Ml — Tm) = mylry —xn) Fma(ma — o)+ melEa — Tat).
1

TP = Z Mz, —r,4) =Mz —zg) + Molmg — )+ ...+ M (z, — 4]
1

where iis the minimum value of [fin the interval of length ¥i — Ti-1and Miis the maximum value of fin the interval
of length i — Fi-1-

The following example shows how we can use these to find the area.

Example 2:

. 2
Show that the upper and lower sums for the function .| r) = from & = Oto * = 1.approach the value <1 = 1/3.

Solution:

Let Pbe a partition of rzequal sub intervals over [[]- 1] ‘We will show the result for the upper sums. By our definition we
have

"

TP = Z Miz; —xi) = Mi(z1 — o) + Malzo —zq) + ...+ Moz, — 10m1).
1

and lengths [l“]g _ ﬁ%z (2y? fny 2

1 .
We note that each rectangle will have width = ** indicated:

13



L

TEPJ=ZM(!' Tioq) = My(zy — x9) + Mylzg —3y) + ... + M (x, — 7, 4)
=%(%) ;(?9)2+3:(%)2+---+:1(2)9
?l (?l) Tyt 0

_ (lﬁ) (1242424 +n?) = (ig) (w-lz«-a+1:g:2u+ 13) _ (tn+1£ﬂ+ 12')_

We can re-write this result as:

n+1liEZn+1) 1 /n+1 In+ 1%
fin? 6 n n N

We observe that as

1 1 1 1

We now are able to define the area under a curve as a limit.

(1) ()

=1

Definition

Let fbe a continuous function on a closed interval [ ?]-Let Pbe a partition of nnequal sub intervals over [a. b].
Then the area under the curve of fis the limit of the upper and lower sums, that is

A= lim S(P)= lim T(P).

n— 40 nn— o0

Example 3:

Use the limit definition of area to find the area under the function fl -*';' =4 - Tfrom lto = = 3.

14



Solution:

A =2

3 — i/vras ivaries from lto 12.So we have nand

n LE] Lr!

S(P)=3%"(8—ifur)ir =" (3Ax) =Y i(Ax)
1 1

1
nin+1)

mn

= (3Lr)n — (2r)?,

My = =J

Since we then have by substitution

as n — oo, Hence the areais A = 4.

If we partition the interval [1- S]into rnequal sub-inte_r)vals, then each sub-interval will have length "=

a2
T

:and height

This example may also be solved with simple geometry. It is left to the reader to confirm that the two methods yield the

Same area.

Lesson Summary

1. We used sigma notation to evaluate sums of rectangular areas.
2. We found limits of upper and lower sums.
3. We used the limit definition of area to solve problems.

Review Questions

In problems #1-2 , find the summations.

g Siti(2i - 3)
5 g3 —i)(2+1)

In problems #3-5, find S [P;' and T[P;' under the partition P.

3. fla) =1-22 P ={0.5.1.3.2}
4 flz) =222 F = {—1.—% 0,11
5. fle) = 2P ={-4.-3.-2,-1}

In problems #6-8, find the area under the curve using the limit definition of area.

15



6. f';-":' = 3: + 9 from r = 2to = = 6.
7. [ |:-";' = -’]" fromr =1ltoxr = 3.
8. | () = Tfromx = ltoxr =4.

In problems #9-10, state whether the function is integrable in the given interval. Give a reason for your answer.

9. .f'[-*':' = |x— 2|on the interval [1- '1]

f(z) {1 if = is rational
T = . . . . i
10. -1 i wis irrational o interval [0- 1]

Review Answers
S (20 - 3) = 605

> B-i)24i)= (19 - n?)
3. S(P) = —1.75, T(P)=0.25

N

(note that we have included areas under the x-axis as negative values.)

S(P) = 0.5, T(P) = 2.5

[

4,

5. S(P) = —1.83; T(P)=-1.08
6. Area = [;1{8

7. Area = ;_i

8. Area = =

9

. Yes, since .f'[_-*'} = |r— 2| is continuous on [1- ‘1]
10. No, since S(P) = 1. T(P) =1

7.4 Definite Integrals

Learning Objectives

¢ Use Riemann Sums to approximate areas under curves
e Evaluate definite integrals as limits of Riemann Sums

Introduction

In the Lesson The Area Problem we defined the area under a curve in terms of a limit of sums.

A= lim S(P)= lim T(P)

n—+4o0 nn— o0

where

=

S(P) = Z mylr; — rimq) = mylry — ) + malrs — )+ .o+ mglr, — 1),
1

T(FP) = Z Mz, — o) = My(zy —xg) + Ma(oe — o) + ...+ Moz, — 7021),
1

16



¢ ¢ i R .
S '-P;'-and T'-P}were examples of Riemann Sums. In general, Riemann Sums are of form Zr‘=1 Sl ;"—“

where each
T7is the value we use to find the length of the rectangle in the i"sub-interval. For example, we used the maximum
function value in each sub-interval to find the upper sums and the minimum function in each sub-interval to find the
lower sums. But since the function is continuous, we could have used any points within the sub-intervals to find the limit.

Hence we can define the most general situation as follows:

Definition )
h—a

. Do
1f fis continuous on 1% Pl-we divide the interval [2- Plinto rsub-intervals of equal width with =% = . We

let F0 = (.1 Ta. . r'n = pe the endpoints of these sub-intervals and let LPEC PRRRR T'nbe any sample
points in these sub-intervals. Then the definite integral of Jfrom = = ato = = bis

b n

flz)dr = lim E .j"[.r;‘},ﬂ.r.
0 T—0 . ]
=

Example 1:

e — . .
Evaluate the Riemann Sum for /() = ©’from & = Oto = = Jusing n = fisub-intervals and taking the sample points to
be the midpoints of the sub-intervals.

Solution:

- . [[] 3] , . . . =0 _ 1
If we partition the interval [“': “linto n = Gequal sub-intervals, then each sub-interval will have length ~& 2°So we
have 227 = Zang

Y

17



&
Re =Y flzh)te = f(0.25)Ax + F0.T5)Ax + f(125)Ax + f(LT5) Az + f(2.25) x4 f(2.75) Az
1

@@ OGO @O0

] |

Now let's compute the definite integral using our definition and also some of our summation formulas.

Example 2:

3 3 .
Use the definition of the definite integral to evaluate .Lu wdr.

Solution:

Applying our definition, we need to find
3 T
dr = lim ()
ﬂ:r: ”—izjlf'rf} 1

We will use rlght endpoints to compute the integral. We first need to divide [[] S]mto nsub-intervals of length

N = 30 T = []:]=i T i.....r',-='—

m n°Since we are using right endpoints, n m

._'3 .3 L
So Ilf“ dr =

o

]

7 !-_3 _ |:r.l|r.l+] ]
Recall that <~ = ‘By substitution, we have

3 - 2 a -
]I; dr = qlE];:: = i_l [M} = .}Eii_l [1 + ?1—1] o hj a5 T — oo,

Before we look to try some problems, let’s make a couple of observations. First, we will soon not need to rely on the
summation formula and Riemann Sums for actual computation of definite integrals. We will develop several computational
strategies in order to solve a variety of problems that come up. Second, the idea of definite integrals as approximating
the area under a curve can be a bit confusing since we may sometimes get results that do not make sense when

mterpreted as areas. For example, if we were to compute the definite integral f r'da ‘then due to the symmetry of

ridr = 0.

3
f -‘;' =& about the origin, we would find that f “This is because for every sam?Ie point - rj ‘we also have

~Tjis also a sample point with fl=a) = —fla] } ‘Hence, it is more accurate to say that s rl“glves us the net

area betweel_? r = —Jand = = 3.If we wanted the total area bounded by the graph and the r—axis, then we would
3 35 8l

compute 2 [y v'de = 5

18



Lesson Summary

1. We used Riemann Sums to approximate areas under curves.
2. We evaluated definite integrals as limits of Riemann Sums.

Multimedia Link

For video presentations on calculating definite integrals using Riemann Sums (13.0), see Riemann Sums, Part 1

3 n
\(f’ '**‘)f‘* 5 his é!‘(xf‘Mx

-
;\’ .l,'I(nNnﬂ,Q

Jn 6
N

(6:15) and Riemann Sums, Part 2 (8:32)

The following applet lets you explore Riemann Sums of any function. You can change the bounds and the number of
partitions. Follow the examples given on the page, and then use the applet to explore on your own. Riemann Sums

Applet. Note: On this page the author uses Left- and Right- hand sums. These are similar to the sums S '-P}and T'-PJ'
that you have learned, particularly in the case of an increasing (or decreasing) function. Left-hand and Right-hand sums
are frequently used in calculations of numerical integrals because it is easy to find the left and right endpoints of each
interval, and much more difficult to find the max/min of the function on each interval. The difference is not always
important from a numerical approximation standpoint; as you increase the number of partitions, you should see the Left-
hand and Right-hand sums converging to the same value. Try this in the applet to see for yourself.

Review Questions

In problems #1-7 , use Riemann Sums to approximate the areas under the curves.

1. Consider f17) =2 — = from &+ — 0 to x = 2. Use Riemann Sums with four subintervals of equal lengths.
Choose the midpoints of each subinterval as the sample points.
PR

2. Repeat problem #1 using geometry to calculate the exact area of the region under the graph of [l -*';' ==
from = = () to ¥ = 2. (Hint: Sketch a graph of the region and see if you can compute its area using area
measurement formulas from geometry.)

3. Repeat problem #1 using the definition of the definite integral to calculate the exact area of the region under the

graph of .J:[-":' =2—Tfromzr =0tox = 2.
4. flx) =" — = from = = 1to r = 4. Use Riemann Sums with five subintervals of equal lengths. Choose the

left endpoint of each subinterval as the sample points, or use trapezoids.
5. Repeat problem #4 ngsing the definition of the definite integral to calculate the exact area of the region under the

graph of fla) =2 — 2 foma = ltoxr = 4.

i g 9
6. Consider f |--"J' = Ja*. Compute the Riemann Sum of f on [0, 1] under each of the following situations. In each
case, use the right endpoint as the sample points, or use trapezoids.
a. Two sub-intervals of equal length.
b. Five sub-intervals of equal length.
c. Ten sub-intervals of equal length.
d. Based on your answers above, try to guess the exact area under the graph of f on [0, 1].
7. Consider [ -*';' =", Compute the Riemann Sum of f on [0, 1] under each of the following situations. In each
case, use the right endpoint as the sample points.
a. Two sub-intervals of equal length.
b. Five sub-intervals of equal length.
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http://www.youtube.com/watch?v=gFpHHTxsDkI
http://www.youtube.com/watch?v=GE4OLfmJ8P8
http://www.calculusapplets.com/riemann.html
http://www.calculusapplets.com/riemann.html

¢. Ten sub-intervals of equal length.
d. Based on your answers above, try to guess the exact area under the graph of f on [0, 1].

F . o I_] .
8. Find the net area under the graph of fle) =2 — Ty p = —1tox = 1. (Hint: Sketch the graph and check
for symmetry.) _ 3
9. Find the total area bounded by the graph of ./ | r) =17 — T and the x-axis, fromx = —ltox = 1.

.2 .
) — a2da (Hint: set

y= \J9—x? and square both sides to see if you can recognize the region from geometry.)

3
10. Use your knowledge of geometry to evaluate the following definite integral: .fu W

Review Answers

1. Area = 2

2. Area = 2

3. Area = 2

4, Area = 10.08 using the Left sum, Area = 13.68 using the Trapezoid Sum

5. Area = 10.0

6. )
a. Area = 1.87D using the Right sum, Area = 1.125 using the Trapezoid Sum
b. Area = 1.32 using the Right sum, Area = 1.02 using the Trapezoid Sum
c. Area = 1.15 using the Right sum, Area = 1.005 using the Trapezoid Sum
d. Area = lis a good guess

7.
a. Area = 2,18
b. Area = 1.89
c. Area = 1.80
d. Area = ¢! — 1 = 1.71

8. The graph is symmetric about the origin; hence net Area = 0

9. Area =1/2

9
10. The graph is that of a quarter circle of radius 3; hence Area = Tﬂ

7.5 Evaluating Definite Integrals

Learning Objectives

e Use antiderivatives to evaluate definite integrals
e Use the Mean Value Theorem for integrals to solve problems
e Use general rules of integrals to solve problems

Introduction

In the Lesson on Definite Integrals, we evaluated definite integrals using the limit definition. This process was long and
tedious. In this lesson we will learn some practical ways to evaluate definite integrals. We begin with a theorem that
provides an easier method for evaluating definite integrals. Newton discovered this method that uses antiderivatives to
calculate definite integrals.

Theorem:

1f .[is continuous on the closed interval [”- 'r’] then

/.J flz)dr = F(b) — Fla),

where F'is any antiderivative of [
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We sometimes use the following shorthand notation to indicate [ fla)de = F(b) — Fla):

/.J fla)de = FI:}];

The proof of this theorem is included at the end of this lesson. Theorem 4.1 is usually stated as a part of the
Fundamental Theorem of Calculus, a theorem that we will present in the Lesson on the Fundamental Theorem of
Calculus. For now, the result provides a useful and efficient way to compute definite integrals. We need only find an
antiderivative of the given function in order to compute its integral over the closed interval. It also gives us a result with
which we can now state and prove a version of the Mean Value Theorem for integrals. But first let’s look at a couple of
examples.

Example 1:

Compute the following definite integral:

3
/ o dr.
L1}

Solution:

81

S
27dT = F\ve now can verify this using the theorem as follows:

.3
Using the limit definition we found that .Ll

A, . () — e
We first note that - / ‘1|s an antiderivative of Jf 11 ;' = I .Hence we have

/Hr:irh'—£ j—ﬂ—ﬂ—ﬂ
.,"_-1“_-1 14

We conclude the lesson by stating the rules for definite integrals, most of which parallel the rules we stated for the
general indefinite integrals.

JREEST
./f k- flx)de =k lé\ flr)dr
[0 oo = [ erin = [ gtaras
[ flx)dr = f oot [, et

Given these rules together with Theorem 4.1, we will be able to solve a great variety of definite integrals.

Example 2:

a _
Compute J ol — fx)d
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Solution:

4 1 4 _ Doy 0 4 1 0 15 14 17
; 2 7 — a1 L 3 - & i
j; (r— x)de = j; zdr —'/1. ods = o) ]1 — E-_.!.'I]i = (h — j) — g[ﬁ —1)= T TR

Example 3:

Compute |7 (x4 cos x)dr.

Solution:

¥ . LI T . z™F  sinxF @l ™+ 4
j;[1.+u.-s.|:|m.=j; [1.:|¢1.=j; I:L[.-S.I:I(]‘,'.n!-=§i|u+ 1 ]D=-'1_+1= 1

Lesson Summary

1. We used antiderivatives to evaluate definite integrals.
2. We used the Mean Value Theorem for integrals to solve problems.
3. We used general rules of integrals to solve problems.

Proof of Theorem 4.1

Moo — b—a o i . o
We first need to divide [+ Plinto nsub-intervals of length =% = 5. We let To = @1 T2, .. .. 'n = bpe the
endpoints of these sub-intervals.

Let F'be any antiderivative of -
Consider F['r“} - F[”:' = F[-"n;' - F[-I'u}.

We will now employ a method that will express the right side of this equation as a Riemann Sum. In particular,

)
=Fiz,) — Flogq) + Floap) — Floge) + Flzas) — ... — Flzg) + Flxy)

=Y [F(z) — Flziy)).
1

Note that F'is continuous. Hence, by the Mean Value Theorem, there exist i < [w; — 1]
such that Flxi) — Flai_y) = F'le; )y — oy ) = fleg) A,

Hence
F(b)— Fla)= ZF'[{',-}[.:',- —Tiq) = Z fle; ) s,
1 1

Taking the limit of each side as n — ocwe have



lim [F(b) — Fla)] = lim Z,f'[f;}ﬂ..r-.
o

i— =0

b

We note that the left side is a constant and the right side is our definition for [, fla)dz

Hence

M b
Fi(b)— Fla)= i (e ) Ay = (el
(B) — Fla) Hllll}tzlj‘lf,},_u [.j‘l_r;lrh.
] r!
Proof of Theorem 4.2

Let I (x) = f: fla)d.

By the Mean Value Theorem for derivatives, there exists © = [a.blsuch that

B F(b)— Fla)

bh—a

F'lc)

From Theorem 4.1 we have that F'is an antiderivative of J-Hence, F'lz) = f( -*'J'and in particular, F'le) = fle).

£(e) F(b) — Fla)
f)=———
Hence, by substitution we have * bh—n
_ L Flo) = F(b)—0  F(b)
Note that F'(@) = [, fla)dr =0. pencewehave ' =~ Th—a  b—a’
y _ I
. fle) = F(b) = fla)dr.
and by our definition of F -"J' we have b—a b—a/f,

This theorem allows us to find for positive functions a rectangle that has base [ blang height ./ (¢Jsuch that the area of

the rectangle is the same as the area given by o Fle)drgg oiner words, f(€Jis the average function value over [a.B].

Review Questions

In problems #1-8, use antiderivatives to compute the definite integral.

A ;] i
1 .fl] I_?J—_;Ir.f.:
5 Jo (t —17)at
D] 1
3. '1[2] Sv-ian ﬁ}rh
4, I Ha? — 1)(x® +1)da
5 f_: (2 427 + x)da
6 ff,t [c"'h}rh
"t g
7. Ji e ) _
8. Find the average value of /1 r) = /T over [1, 9].
. N
9. If f is continuous and ,.I[] fla }r.f.: =9, show that f takes on the value 3 at least once on the interval [1, 4].
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10. Your friend states that there is no area under the curve of f () = sina on [0. 27] gince he computed

2 o . . —
Jo sinade = 0. ¢ pe correct Explain your answer.

Review Answers

I'J'- dr =6

L

I-\.

_,IJ—L-I-I'—i-:}rh =1

f .
f_ﬁllf ;'rh — e
Jy ;

L.

B
i -
2ln7 — 21n4d

§°9°.\'.°‘E-’":'>

Apply the Mean Value Theorem for integrals.

T
10. He is partially correct. The definite integral Jo sinxda

area between the curve and the x-axis is given by: A= ZJsin x dx = 2[-cos X]g =4
0

computes the net area under the curve. However, the
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Practice with the Mean Value Theorem, Average Value & Properties of Integrals

Find the average value of the function over the interval. Then find all x-values in the interval for which the

function is equal to its average value.

L f(x)=6-x*[-22] 2. f(x)=xx/4—x2,[0,2]

3. A deposit of $2250 is made in a savings account with an annual interest rate of 12%, compounded

continuously. Find the average balance in the account during the first 5 years.

4. In the United States, the annual death rate R (in deaths per 1000 people X years old) can be modeled by

R =.036x* —2.8x+58.14, 40 < x < 60. Find the average death rate for people between a) 40 and 50 years of

age, and b) 50 and 60 years of age.

2 8 .
5. Use the value IO x2dx = 3 to evaluate the definite integral.

a. J'ixzdx b. J'ixzdx C. J'Oz—xzdx

2
6. Use the value IO x>dx = 4 to evaluate the definite integral.

a. J.iXEdX b. J'ix3dx C. J'023x3dx

7. Use the values J.OS f (x)dx =8 and jjg(x)dx = 3 to evaluate the definite integral.
a [[F0+g00x b [TF0-g0ox e[ [F(x)-f (0
d [[-af(ydx e [[f(0-3g0]dx £ [ f(dx g [ f(xax

ANsSwers:

14 4
1. average value = 3 2. average value = 3

2\5

2+—5 ~1.868
3

+2.3 X=

X= 3 ~+1.155
X= 2—£z.714
3
3. $3082.95
4. a) 5.34 deaths per 1000 people  b) 13.34 deaths per 1000 people
8 16 -8
5 a — b. — c. —
3 3 3
6. a. —4 b. 0 c. 12
7. a. 11 b. 5 c. 0
d. -32 e.-1 .0 g -8
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Integral Properties & Average Value HW

Use the given info and the properties of integrals to evaluate the requested definite integrals.

1.) Given: i f (x)dx = % and f(x) is an even function

a) } f (x) dx = b.) f f (x) dx = c) j5f(x)dx=
2.) Given: Jz.g(x)dx:4, and f(x) is an odd function

a.) ig(x) dx = b.) ig(X) dx = c.) §59(X) dx =

5 5
3.) Given: _[f(x)dx:8 and Ig(x)dx=3
0

0

a.) fos[f(x)+9(x)]d><= b.) Ios[f(X)—g(x)]dX= c.) jos[f(x)—f(x)]dx:
d) ['[f(0-3g(0]dx= e) [ f(x)dx= £) [0 f(dx=
: [ (x)
NNEi dx = hy 7|22 gy =
0) [T (0g09]x ) [ 100 o

Find the average value of the function over the given interval, and find the x-value in the interval where the
function takes on the average value.

4) F(x)=6-x2,[-2, 2]

5.) f(x)=xv4—x%,[0, 2]

Answers:
1.) 8/3, 16/3, 40/3 4) AV = 14/3, x=+1.155€[-2,2]
2.)-4,0,20 5.) AV = 4/3, x=.714,1.868 [0, 2]

3.)11,5,0,-1,0,-8, g & h cannot be done with the
given info — multiplying / dividing areas does not yield
areas!
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7.6 The Fundamental Theorem of Calculus

Learning Objectives
e Use the Fundamental Theorem of Calculus to evaluate definite integrals

Introduction

In the Lesson on Evaluating Definite Integrals, we evaluated definite integrals using antiderivatives. This process was
much more efficient than using the limit definition. In this lesson we will state the Fundamental Theorem of Calculus and
continue to work on methods for computing definite integrals.

Fundamental Theorem of Calculus:

Let fbe continuous on the closed interval [”- 'r’]-

_ a y y
1. If function F'is defined by Flx) = [, flt)dr.g, [a. b, then F'(x) = fl)on [a.b].
2. If Gis any antiderivative of /on [@. ] then

/. flt)dt = glb) — gla).

We first note that we have already proven part 2 as Theorem 4.1. The proof of part 1 appears at the end of this lesson.

Think about this Theorem. Two of the major unsolved problems in science and mathematics turned out to be solved
by calculus which was invented in the seventeenth century. These are the ancient problems:

1. Find the areas defined by curves, such as circles or parabolas.
2. Determine an instantaneous rate of change or the slope of a curve at a point.

With the discovery of calculus, science and mathematics took huge leaps, and we can trace the advances of the space
age directly to this Theorem.

Let's continue to develop our strategies for computing definite integrals. We will illustrate how to solve the problem of
finding the area bounded by two or more curves.

Example 1:
v F v 3
Find the area between the curves of /11 :' = Tand 911 ;' =1

Solution:

We first observe that there are no limits of integration explicitly stated here. Hence we need to find the limits by analyzing
the graph of the functions.
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y=x"3 44y

34
24
1 -+

5 4 3 2 -:1 1 2 3 4 5
_1 -’
24
3+
44

We observe that the regions of interest are in the first and third quadrants from = = —1lto = = 1.We also observe the

symmetry of the graphs about the origin. From this we see that the total area enclosed is

1

1 . 1 1 s 1.2 I.-i
2 fx—a¥)dr =12 [f Tdx — f T d_r] =2 ==
j.; 0 0 2 4

]

Example 2:

Find the area between the curves of J [ -*':' = |z — 1|and the r—axis from © = —lto = = 3.

Solution:

We observe from the graph that we will have to divide the interval [_ 1. 3]into subintervals [_ 1. 1]and [1- 3]

X
-5I.O -4l.0 -3l.0 -2.0 -1.0 1T0 2f0 3l.0 4l.0 ;I.O
-1.01
20T
30T

Hence the area is given by

/;11(—.l'+ 1)dr + /;3(1: — 1)dz = (—§+ 12)

Example 3:

¥ 5
Find the area enclosed by the curves of flr) = o + 2w + Igpg
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glx) = —ax? —2r+ 1.
Solution:

The graph indicates the area we need to focus on.

f(x)=x"2+2x+1

24
g(x)=-x"2-2x+1
34
44
0 0 g i ] 0 a
e o PP S R S L S _ w2 8
/;2[ a 2z +1)dz /:EI:.I + 2r + 1)da ( 7 +_.!.) _g+(3 a +.|) L, 373173

Before providinJg another example, let’s look back at the first part of the Fundamental Theorem. If function f'is defined

by Flr) = .LJ f I-?‘;""r"'on [a. Blhen F'(x) = f(x)on [2: b]-Observe that if we differentiate the integral with respect to
I.we have

4 flt)dt = F'(x) = flx).

dr J,

This fact enables us to compute derivatives of integrals as in the following example.

Example 4:

Use the Fundamental Theorem to find the derivative of the following function:

glx) =[ (14 w}"?}rh‘.

Solution:

While we could easily integrate the right side and then differentiate, the Fundamental Theorem enables us to find the
answer very routinely.

i

y Y . Y —
g'lx) = ;—/ (14 Vit)dt =1+ .
SJ0
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This application of the Fundamental Theorem becomes more important as we encounter functions that may be more
difficult to integrate such as the following example.

Example 5:

Use the Fundamental Theorem to find the derivative of the following function:
T .,
glx) =/ (¢ cost )dt.
2

Solution:

In this example, the integral is more difficult to evaluate. The Fundamental Theorem enables us to find the answer
routinely.

L d ., 5
g'lx) = a‘_f (t° cost)dt = x* cos .
2

(Lr
Lesson Summary

1. We used the Fundamental Theorem of Calculus to evaluate definite integrals.

Fundamental Theorem of Calculus

Let fbe continuous on the closed interval [”- 'r’]-

1. If function F'is defined by Flr) = [, -fl[#;'r#, on [@: D] .then F'(x) = flx).on [a. B].
2. If Yis any antiderivative of ./ on [a.b].then

/. flt)dt = glb) — gla).

We first note that we have already proven part 2 as Theorem 4.1.

Proof of Part 1.
1. Consider £} = J[; flt)dt. o [a.b].
5w [abl,. ~

Y

Then .fu -fl[f}r# = LJ -fl[#}m + L -fl[f}r#by our rules for definite integrals.
3. Then [ flt)dt — [7 f(t)dt = [T f(t)dt pyonee Fla) — Flc) = [ Flt)dt.

4, Since [is continuous on [”- 'r’]and T, Ce [”-'r’] ‘- <~ rthen we can select ”-_ v E [f'- l"]such that f(t)is the minimum
value of and F(¥)is the maximum value of fin [f'- "'] Then we can consider f 10)( — ¢Jas a lower sum and
I f',l:'l = f';'as an upper sum of ffrom cto x.Hence

e flulle —c) < [T flt)dt < flo)lz—c).



6. By substitution, we have:
flu)lx —¢c) < Flz) — Flc) < flv)lx —¢).
7. By division, we have

F(x) — Flc)

Ir—c

flu) < < flv).

8. When s close to C:then both ./ (%)and .f (¥’ Jare close to /(¢ )by the continuity of f

. Filx)-Fle) _ pr . ) . Fix)—Fe)
9. Hence 1Mot ———— = I-f;"SimiIarIy, if T < cithen Mo —5—— = flc). ‘Hence,
. Fiz)—F
lim, .. % = fle).
10. By the definition of the derivative, we have that
T, . Filz)—Fie) _ pf . - )
F'c) = lim, . e = [l }for every © = [a.b] “Thus, F'is an antiderivative of fon [a.b].

Multimedia Link

For a video presentation of the Fundamental Theorem of Calculus (15.0), see Fundamental Theorem of Calculus, Part 1

Find dhe derwotie,
(
yh)= @ g
= (J‘) )
w‘)“* j3xe

(9:26)k ‘ . 4

Review Questions

In problems #1-4, sketch the graph of the function f(x) in the interval [a, b]. Then use the Fundamental Theorem of
Calculus to find the area of the region bounded by the graph and the x-axis. (Hint: Examine the graph of the function
and divide the interval accordingly.)

1. fl:}=21+3[[] 4]
> flr) =e*]0.2]

3. fl::l=r3+: 1.3
4 flz) =2 —2[0.2

In problems #5-7 use antiderivatives to compute the definite integral. (Hint: Examine the graph of the function and
divide the interval accordingly.)

5. I]l'_‘"]] ||
31,3
6. _Ux —].‘dx
o 5 e =1+ |z +1]] da
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http://www.youtube.com/watch?v=PGmVvIglZx8

In problems #8-10, find the area between the graphs of the functions.

8. f(x)=/x,0(x)=x
9. f(xX)=x*,g(x)=4
10. f(x)=x*+1,g(X) =3—x, on the interval (0, 3) (Hint: you will need to add 2 integrals)

Review Answers

1. Area = 28

9.0
8.0
70
6.0
50
4.0
3.0
20
;/ma x
5.0 4.0 -3.0 -2.0 »10_‘0 1.0 20 3.0 4.0 5.0
20
-3.0
40
5.0
L 34
15.01
14.0
13.0
120
1.0
10.0
9.0
8.0
7.0
6.0
50
4.0
3.0
20
10
50 -40 -30 -20 -1.010 1.0 20 3‘.0 40 5.0
=20
-3.0
4.0
-5.0
4, Area =1
50F Y
404
301
201
1'04.
X
5.0 4.0 3.0 2.0 1.0 1.0 2.0 3.0 4.0 5.0
.‘]0 L
20T
30t
40+
5.0+




S el =1

5.
6. 18.75
+4
..r_-: lh - 1| + |.I' —+ 1|i| dr = 22
7. -
8. Area = 1/6
sody
204
104
50 40 30 20 10 10 20 30 40 50
101
201
301

9. Area = 32/3

AN

46

3.01
201
1.01

50 -40 -30 -20 -1.0 1.0 20 3.0 4.0 5.0
-1.07

-2.01
-3.01
40+

-5.01

10. Area = @
6

50 -40 -30 -20 -1.0 1.0 20 3.0 4.0 5.0

3.0 1T

7.7 Integration by Substitution

Learning Objectives

o Integrate composite functions
e Use change of variables to evaluate definite integrals
e Use substitution to compute definite integrals

Introduction
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In this lesson we will expand our methods for evaluating definite integrals. We first look at a couple of situations where

finding antiderivatives requires special methods. These involve finding antiderivatives of composite functions and finding

antiderivatives of products of functions.
Antiderivatives of Composites

Suppose we needed to compute the following integral:

/ 327 V1 + 3d.

Our rules of mtegratlon are of no help here. We note that the integrand is of the form flglx)) = ¢ -";'where
glr) =14 a4pq flz) = V7.

Since we are looking for an antiderivative F'of f-and we know that £ = f.we can re-write our integral as

/V1+: 3rldr =

In practice, we use the following substitution scheme to verify that we can integrate in this way:

3

(V1+2¥)T4+C.

c~|m

4. Integrate with respect to i:

L HgTdE Wk Ot
[v14ad-3etde = [ udiypere w = 14 2%and du = 32de.
3. Change the original integral in xto an integral in 1:

2. Differentiate both sides so du = dax’dur.

1. Letu = 1 + o*

/V"?r.fu =/u du =

5. Change the answer back to x:

u? +C.

c~| (]

2
fﬁdﬂ=§u% =—(1..r‘ I3]2—|—C
While this method of substitution is a very powerful method for solving a variety of problems, we will find that we
sometimes will need to modify the method slightly to address problems, as in the following example.
Example 1:

Compute the following indefinite integral:

a9 - }
/ e’ dr.

Solution:

We note that the derivative of xis 32:%; hence, the current problem is not of the form [ F'lglx)) - g'(x)dx ‘But we
notice that the derivative is off only by a constant of Jand we know that constants are easy to deal with when
differentiating and integrating. Hence
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Let uw = .

Then du = 3x2dxr.

1 2
Then 39 = T7dT 504 we are ready to change the original integral from rto an integral in uand integrate:

f‘_.!:if;'rg{.‘:'_.!i = fﬁ” (%dfu) = %[P“du= %e” + .

Changing back to i, we have

3 J.'!- Ii' ]. J.'!- + {_‘
e dr = ge .
8 3 8

We can also use this substitution method to evaluate definite integrals. If we attach limits of integration to our first
example, we could have a problem such as

g
/ V14 23 30dr.
1

The method still works. However, we have a choice to make once we are ready to use the Fundamental Theorem to
evaluate the integral.

N I o . A L
Recall that we found that J V1 27+ 327dr = [ \/udugo e indefinite integral. At this point, we could evaluate the
integral by changing the answer back to :ror we could evaluate the integral in w.But we need to be careful. Since the
original limits of integration were in i, we need to change the limits of integration for the equivalent integral in ii.Hence,

4 T E 3. 32y = [ :
Ji VI a 3atde = [ 7, Vudu where 1t = 1 4+ 2

4 E5 2,
f V1423 300 = f Vudu = ZuT
1 u="2 3

Integrating Products of Functions

We are not able to state a rule for integrating products of functions, [ flx)gle)dry ¢ e can get a relationship that is
almost as effective. Recall how we differentiated a product of functions:

%f‘l r)g(z) = flz)g'(x) + glx)f' ().

So by integrating both sides we get

J1flxlg'(x) + gla) f'{x)]de = flx)glx).,,

/.j"l:.r}_..r;'l:.r}r.i'.r = flr)glxz) — /_q[.r}.j"'[.r}.

In order to remember the formula, we usually write it as
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/ur.i'r' = ur — f vl

We refer to this method as integration by parts. The following example illustrates its use.

Example 2:

Use integration by parts method to compute

/ redr.

Solution:

We note that our other substitution method is not applicable here. But our integration by parts method will enable us to

reduce the integral down to one that we can easily evaluate.
Let & = xand dv = e"drthen du = drand v = &

By substitution, we have

f.rrlrh' = re” —/:'J'rh'.

We can easily evaluate the integral and have

/.rc-"rh' = re® — /:-J'r.f.r =xe" — e 4 C

And should we wish to evaluate definite integrals, we need only to apply the Fundamental Theorem to the antiderivative.

Lesson Summary

1. We integrated composite functions.
2. We used change of variables to evaluate definite integrals.
3. We used substitution to compute definite integrals.

Review Questions
Compute the integrals in problems #1-8.

rln :rh

“] 131 — x2dr
f:l:{]n:rh

1 V:*—FUrh

J
(J—]- ; )rh
A dor

J
[ate
.

)
J W
2

v AW N

(9]

B |
: J—rh
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Review Answers

Holpx—1)
f rlnxdr = % 4+
. |'J'—If-\.-"'_5J'+| +t_:

f v,;'—_l_fi?*r'
.fu V1 — x2dr = i,)

HPw N =

.ﬁ; w23 4 Odr = 3 [ID% — ET]
. ]r (TPF I?)fi"r _—fr + ¢

Ilr[‘:'::ff-’jﬁ’.::: = %E'J_[.'I!' —1) +e
Ji e =1

L

f:(.‘i:m wdr = rsine + cosr + ¢
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Integration by Substitution Practice

Find the indefinite integral.

I(xz —1)3(2x)dx

[(x=3)" dx

X
d
Irie
4X+6
Y o |
J‘(xz +3x+7)3 "

9. j 1X—2x3 dx

1. | [1+%j3[t£2) dt

=

w

o

13. J'(3— 2x—4x )(1+4x) dx

2. J'm@xz)dx

8. J'm3\/m4 +2dm

2
10. jHZt dt

N

12. J'S%dx

. 7 .
14. Find the equation of the function f whose graph passes through the point (Ogj and whose derivative is

fi(X) = xy1— X2 .
Answers:

L -1
4

3. ;(X—S)% +C

+C

9. %2«/1—x3+c
4
11. _—1(1+}j +C
4 t

13 _71(3—2x—4x2)2+c

2. %2(3—x3)% +C

a. _—1(1—2x2)4+C
16
6. — e
2(1+x2)
8. 1(m“+2)%+C
6
10. Et%(5+
15
12. _—1+C
3X
-1
14, f(X)=—
(x) 3
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General Power Rule HW 1

Integrate!
1) jzx(x2—1)3 dx
2) [3x*\/3-x" dx
3) [(x-3) dx

4) | x(1-2x2) dx

5) | Xy

(e

4X+6
6) | ——d
) ‘[(x2+3x+7)3 "

7.) Find the equation of the function f (x) whose graph passes through the point (09 and whose derivative is

P9 =x1-x*

Answers:

1) (X2;1)4 +C 5) ‘ﬁ*c

2) —%(3—x3)3+c 6) —mm
) 2(x-3) v 7) f(x):—%(1—x2)3+g
4) —%(1—2x2)4+c
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General Power Rule HW 2

Integrate! Some of these require the general power rule (substitution), others do not.

6X
1. d
)] L)

2
2) J‘t+it dt

&

3) [(3—2x—4x")(1+4x)dx
4) j 3—)1(2dx

5.) ISX 1-x2dx
6.) [ (x+5)°dx

7) j (3x—8)1%dx

Answers:
1) —%+C 5) 21— +.C
2(1+x2) 8
(x+5)’
2 .3 6.) +C
2.) —t?(5+6t)+C
)15 ( ) !
(3x-8)"
3.) —%(3—2x—4x2)2+C 1) =g +C

4. —i+C
3X



Practice with Integration by Substitution Involving Trig

Evaluate the integral.

1. jcoszdx 2, _[xsinxzdx
3. J' csc? Xdx 4. J' csc 2x cot 2xdx
2
5. .Hcotxcscz xdx 6. J-sm2x dx
COS” X
7. J.Sln\/;dx
Jx
Answers:
1. -1,
1. =sin6x+C 2. —cosx“+C
6 2
X -1
3. —2cot—+C 4, ?c502x+C
5. %Zcot%x+c 6. secx+C
7. —2cos/x +C
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Trig Integrals HW

Integrate!

1) jcos 6x dx

2) j xsin(x?) dx

X
3.) |csc?| = |dx
[o(3)
4. _[cchxcothdx

5.) J\/tan x sec’ x dx

sin X
6.) j 7 de

7) | Si”J_;/; dx

Answers:

1) SIn6Xx

+C 5) %tan3x+C

2 6.) secx+C
2) _coséx ) ¢ )

7.) —2cos/x +C
3.) -2 cot(%} +C

CSC2X

4.) — +C



7.8 Numerical Integration

Learning Objectives

Use the Trapezoidal Rule to solve problems
Estimate errors for the Trapezoidal Rule
Use Simpson’s Rule to solve problems
Estimate Errors for Simpson’s Rule

Introduction

Recall that we used different ways to approximate the value of integrals. These included Riemann Sums using left and
right endpoints, as well as midpoints for finding the length of each rectangular tile. In this lesson we will learn two other
methods for approximating integrals. The first of these, the Trapezoidal Rule, uses areas of trapezoidal tiles to
approximate the integral. The second method, Simpson’s Rule, uses parabolas to make the approximation.

Trapezoidal Rule

Let’s recaII_Jhow we would use the midpoint rule with n = 4rectangles to approximate the area under the graph of
fle) =2+ lgom & = Oto = = 1.

fx)=x

sl
Nl
N

If instead of using the midpoint value within each sub-interval to find the length of the corresponding rectangle, we could
have instead formed trapezoids by joining the maximum and minimum values of the function within each sub-interval:

/

Nl
sl

A hiby+-bs
The area of a trapezoid is A= 2, where biand Baare the lengths of the parallel sides and fiis the height. In our
trapezoids the height is /.rand b1and P2are the values of the function. Therefore in finding the areas of the trapezoids
we actually average the left and right endpoints of each sub-interval. Therefore a typical trapezoid would have the area

A
A= # (flxiog) + fla;)) .
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da

To approximate o Flr)drien nof these trapezoids, we have

B 1 n "
[ s = [Z fla) Ao+ Y fla) A
a i— i—1

L]

(]|

M
Y

S [ro) + £lxa) 4 flra) + fa) + fza) + oo Frama) (2]

M b—a

E-I- [floa) + 2f (o) + 2f(za) + ..+ 2 flzma) flz,)] Lor = '

n

Example 1:

.3
Use the Trapezoidal Rule to approximate Jo P dzyitn n = 6,

Solution:

b—a _ 3-0

M — a0 _ 1
We find =T = 0 T 7§ 3

3
f r2dr ==
i}

[F(0) +2f(3) + 2f(1) + 2f(3) + 2f(2) + 2f(3) + £(3)]

[04(2-

P+ +(2- 3 +2-4)+(2-3)+9]
a1 T3
[I23]=8

= 0,125,

o | | = |

+ ¥
Of course, this estimate is not nearly as accurate as we would like. For functions such as flz) == :we can easily find
3

L,i rldr = % =14

an antiderivative with which we can apply the Fundamental Theorem that 0 But it is not always

easy to find an antiderivative. Indeed, for many integrals it is impossible to find an antiderivative. Another issue concerns
the questions about the accuracy of the approximation. In particular, how large should we take n so that the Trapezoidal

|_3 _:| .
Estimate for .LI r”da is accurate to within a given value, say ().001? As with our Linear Approximations in the Lesson on

Approximation Errors, we can state a method that ensures our approximation to be within a specified value.
Error Estimates for Simpson’s Rule

We would like to have confidence in the approximations we make. Hence we can choose rnto ensure that the errors are
within acceptable boundaries. The following method illustrates how we can choose a sufficiently large 1.

Suppose | /"1 )| < kfor @ < x < B.Then the error estimate is given by

k(b — rf}'?'

|-EIIIIUII..I'.?'{JPI"E'{.?E{J'{J!'| = 5,2
12n?
Example 2:
P9
=

Find rnso that the Trapezoidal Estimate for Jo is accurate to ().001.

Solution:
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We need to find nisuch that | E7 70T Trapezoidat | = 0.001.\ye sart by noting that |F"(=)] = 260r 0 < 2 < 3.Hence we
can take i = 2to find our error bound.

2(3 —0)? _ o4
12n2 12a%

| -E-r'-r'f”"f'r'uj:r-z oidal | =

We need to solve the following inequality for r:

54
= 0.001,
1252
54
ne o —
12(0.001)
| 54

n > \,'I m == GT.08,

Hence we must take i = (ito achieve the desired accuracy.

From the last example, we see one of the weaknesses of the Trapezoidal Rule—it is not very accurate for functions where
straight line segments (and trapezoid tiles) do not lead to a good estimate of area. It is reasonable to think that other
methods of approximating curves might be more applicable for some functions. Simpson’s Rule is a method that uses
parabolas to approximate the curve.

Simpson’s Rule:

i—il

As was true with the Trapezoidal Rule, we divide the interval (2. Dlinto nisub-intervals of length Ar = 222.\ye then
construct parabolas through each group of three consecutive points on the graph. The graph below shows this process
for the first three such parabolas for the case of n = fisub-intervals. You can see that every interval except the first and
last contains two estimates, one too high and one too low, so the resulting estimate will be more accurate.

Using parabolas in this way produces the following estimate of the area from Simpson’s Rule:

b -
f flz)de = ﬂT [f(xa) + 4f (x1) + 2f(x2) +4f(ze) + 2f(z4) ... + 2f(zp-2) + 4f (znt) + f ()] -

We note that it has a similar appearance to the Trapezoidal Rule. However, there is one distinction we need to note. The
process of using three consecutive ¥ito approximate parabolas will require that we assume that rimust always be an
even number.

Error Estimates for the Trapezoidal Rule

As with the Trapezoidal Rule, we have a formula that suggests how we can choose 1nto ensure that the errors are within
acceptable boundaries. The following method illustrates how we can choose a sufficiently large 1.
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Suppose |.f {)| = kfor a < x < BThen the error estimate is given by

k(b—a)
o8
— 180n*

| EI'I'(J'I';;.ir.uq:sm.' |
Example 3:

4 4 . .
a. Use Simpson’s Rule to approximate -][1 Irh with n = G.

Solution:

1

b—a __ 4 _

P —
Wefind == = =% —

Tod] bt

.
"ty
)
—
—
+
1=
Bty
—
[T+
—
+
[ Ee)
—_
—
| ]
—
+
1=
Py
—
pz|o
T
+
[ =]
Tty
—
(=]
i
+
K
ey
—
[S1E
o
+
Tty
—_—
1=
—

1
6
1
=1+ D+ P+E- D+ P+ H+]]
1 rasqr
= — [3T] — 1.3056.
6

This turns out to be a pretty good estimate, since we know that

i i
f lr.?.r =In .r'] =In(4) — In(1) = 1.3863.
1

|II ]
Therefore the error is less than (.01,

|

b. Find nso that the Simpson Rule Estimate for ..|[1 Ir'r'r'is accurate to (.001.

Solution:

. = 1. o
We need to find nsuch that | ETT0Tsimpeon | = 0.001.we start by noting that )] =

can take i = 24to find our error bound:

_ 24(4 — 1) 0832
— 180nt 180mY

| EI'I'(JI's.ir.ups::r.' |

Hence we need to solve the following inequality for i:

o832
1805m*

< (1.001.

We find that

|JL |for1 < 1 < 4.Hence we
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. 5832
~ 180(0.001)"

[ 5832

s~ 13.42,
" 'ly moo.001) = o4

Hence we must take 1 = 14to achieve the desired accuracy.

Technology Note: Estimating a Definite Integral with a TI-83/84 Calculator

b1

We will estimate the value of -1[1 Ir'r'r.

Graph the function /| r) = %with the [WINDOW] setting shown below.

The graph is shown in the second screen.

Press 2nd [CALC] and choose option 7 (see menu below)

When the fourth screen appears, press [1] [ENTER] then [4] [ENTER] to enter the lower and upper limits.
The final screen gives the estimate, which is accurate to 7 decimal places.

WINDOW
HAmin=-1
#max=5
Kscl=1
¥min=-.1
Ymax=1

?m!!?!ﬂﬂ! 1
ivalue

2t zero

32 minimum

42 masimum

5:1n§ersect

62 dy d LowerLimitra o .

A
|8 dx H=2 V=5

uhwn =

SECXdx=1. 3862944

Lesson Summary

1. We used the Trapezoidal Rule to solve problems.
2. We estimated errors for the Trapezoidal Rule.

3. We used Simpson’s Rule to solve problems.

4. We estimated Errors for Simpson’s Rule.

Multimedia Links

For video presentations of Simpson's Rule (21.0), see Simpson's Rule, Approximate Integration

(7:21)


http://www.youtube.com/watch?v=ns3k-Lz7qWU

and Math Video Tutorials by James Sousa, Simpson's Rule of Numerical Integration (8:48)

FIND UHERE $(x)= =x-1000
intersects e x'lw Fd soluhen
cocrect 40 § deamal p\u.ﬁ )
l.\ 1000

Xy * 7’4

%3 3 1000
Xz= 3- 60

For a video presentation of Newton's Method (21.0), see Newton's Method (7:29) | ‘

Review Question

1 -
Use the Trapezoidal Rule to approximate fu b “with n = 8.

‘)
Iny/da with n = 6.

—

Use the Trapezoidal Rule to approximate f 1]

Use the Trapezoidal Rule to approximate Ll VI+ a¥de with n = 4.

Use the Trapezoidal Rule to approximate f 1 x fx “withn = 8. ,
31,
How large should you take n so that trlle Trapezoidal Estimate for f 1 ;r.?.: is accurate to within .001?
2 T g
Use Simpson'’s Rule to approximate Jo e dr i 1 — 8,

Use Simpson’s Rule to approximate f v ©In xdr with n = G.
2 1

. . e idr
Use Simpson’s Rule to approximate - L' VaTHT with n = 6.

v o N o 1 R WD

Use Simpson'’s Rule to approximate Jo V14 atdr i n — 4

10. How large should you take n so that the Simpson Estimate for f cdz is accurate to within .00001?

Review Answers

[y e de = 0.16
j[]L ny/wdr == 1.26
f]

,V1‘|" dr = 1.10
Jrh 1.10

I
Tken—lﬂ
f“ rie*dr == 0.16
o

]L V—lll rdr 7=z 4.28

][u_] fh == 1.36
.L| V1+-I il -—ul[]g
0. Take n = 9


http://www.youtube.com/watch?v=z_AdoS-ab2w
http://www.youtube.com/watch?v=1uN8cBGVpfs

7.9 Area Between Two Curves

Learning Objectives
A student will be able to:
e Compute the area between two curves with respect to the .r-—and ¥ —axes.

In the last chapter, we introduced the definite integral to find the area between a curve and the r—axis over an interval
[” : 'r’] In this lesson, we will show how to calculate the area between two curves.

Consider the region bounded by the graphs fand 9between = = aand T = D.as shown in the figures below. If the two
graphs lie above the .r—axis, we can interpret the area that is sandwiched between them as the area under the graph of
Hsubtracted from the area under the graph I

y
A
f(x)
. 5 > X
Y
A
g(x)
B 5 » X
Y
A
f(x)
/\_/
g(x)
2 5 » X

Therefore, as the graphs show, it makes sense to say that
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[Area under .f'(Fig. 1a)] _[Area under f(Fig. 1b)] =[Area between fand f(Fig. 10)],

lh fla)dr — /:H[-";' = lh[,f'[.rﬂ — glz)]da.

F’his ]relation is valid as long as the two functions are continuous and the upper function flz) = gl -*'J'on the interval
i, bl

The Area Between Two Curves (With respect to the i— axis)

1f fand Yare two continuous functions on the interval (@ Pland () = g()for all values of xin the interval, then the
area of the region that is bounded by the two functions is given by

A= /L[.j"[.r} — _q[.r';l]r.f.r.

Example 1:

5 _
Find the area of the region enclosed between ¥ = &“and ¥ = & T+ G.

A

Solution:

We first make a sketch of the region (Figure 2) and find the end points of the region. To do so, we simply equate the two
functions,

x> = x +6,

and then solve for .

1]

r—r—G6=0
(x4 2}z —3) =0
from which we get + = —2and = = 3.

So the upper and lower boundaries intersect at points (—2, 'Uand 3. EI:'-

+ r - . o . y i . o .2 _ G
As you can see from the graph, ' T 6 = -I")and hence ./ () == + Gand 9 () = 2%y the interval [ 2, 3] -Applying
the area formula,
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A= f!:[.f'[ r) — _f;[.r;l]rf.r
— /i [z +6) — [.rg}]r.?.r.

Integrating,
.I'j .I'j 4
.;1.:[?4-[3.:'—?} ]
1% B
5

o . F B T
So the area between the two curves ./ '--*':' = & + lgng 71 -*';' = %5 120/6.

Sometimes it is possible to apply the area formula with respect to the ¥—coordinates instead of the :r—coordinates. In
this case, the equations of the boundaries will be written in such a way that Yis expressed explicitly as a function of
(Figure 3).

y

d
BB

C

The Area Between Two Curves (With respect to the i — axis)

If wrand vare two continuous functions on the interval [f'- r'r]and w( H;' = v .’I;'for all values of ¥in the interval, then the

area of the region that is bounded by * = v(#Jon the left, -+ = W (%)on the right, below by ¥ = ©.and above by ¥ =
is given by

A =f [wly) — vly)]dy.

Example 2:

Find the area of the region enclosed by ¥ = .Ujand y=ux—0

V

Solution:

e,
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5 _
As you can see from Figure 4, the left boundary is ¥ = ¥~and the right boundary is ¥ = & — 6.The region extends over

=

the interval —2 = ¥ = 3-However, we must express the equations in terms of ¥-We rewrite

3

="
r=y+0
Thus

A= f [y +6—y’]dy
a 173

(7 e, ¥
- [Fro-%]

B

125
=

| ]

Multimedia Links

For a video presentation of the area between two

Between Two Graphs (6:12)

For an additional video presentation of the area between two curves (14.0)(16.0), see Just Math Tutoring, Finding

Areas Between Curves (9:50)F

graphs (14.0)(16.0), see Math Video Tutorials by James Sousa, Area

B u=x> el
5, =X, x=-3 x=3
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http://www.youtube.com/watch?v=E_1aDcOoDtE
http://www.youtube.com/watch?v=E_1aDcOoDtE
http://www.youtube.com/watch?v=DRFyNHdVgUA
http://www.youtube.com/watch?v=DRFyNHdVgUA

Review Questions

In problems #1 - 7, sketch the region enclosed by the curves and find the area.

5 — _
¥ =21 =" on the interval [0.25,1]

y = 0.y = cos2x. on the interval [T _T]

y=|—- 1+.:'|+E.H=_TJ]-I"H'r

y = COSx, y = SN, [0, 2]

-*'_)= u ’, y=x—2 integrate with respect to y

yr—dr =4 4dr—y=106 .

y = 8cosr, y = sec’x, —I;’Sii r <o/

Find the area enclosed by ¥ = ¥ and * = ¥. )

If the area enclosed by the two functions ¥ = K €OSx and y = kx~ is 2, what is the value of k?

W eoNO N AW N =

10. Find the horizontal line y = k that divides the region between ¥ = = and ¥ = Y into two equal areas.

Review Answers

49/192
1 ;'E

24

1 '\-"ﬁ
9,2

Lo N Uk WN
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Area Between Two Curves Practice

Sketch the region bounded by the graphs of the functions and find the area of the region. You may use fnint to
calculate the area, but graph without the aide of your calculator!

1. f(X)=x*-4x,g(x)=0 2. f(X)=x"+2x+1, g(x) =x+1
3. y=2X,y=4-2x,y=0 4. f(x)=x>—x, g(x) =2(x+2)
5. y=XxX"—2x+1 y=-2x, x=1 6. y=3x+1 g(x)=x+1
7. y=x>—4x+3, y=3+4x—x° 8. f(y)=Yy% g(y)=y+2
2 4
9. X=y"+2,x=0,y=-1y=2 10. y=—,y=Xx,x=1x=4
X
Answers:
1. % 2. l 3. 2 4 % 5 2
6 6
6. g 1. % 8. g 9.9 10. g
2 3 2 2
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Find the area between the curves.

1) Xx=y*;x=y+2

2) Y —4x=4;4x—y =16

3) x=yx=y

4) y=x>—Xy=2x+4

5) y=x'-2x+Ly=-2x;x=1

ANSWers:

2

1) I(y+2)—(y2)dy:

-1

-4

0 1

1

3) [y -ydy+[y-y'dy=>
-1 0

Area Between 2 Curves HW

2) j(lGZy)—(y 4_4de=%

5) [(x°—2x+1)—(-2x)dx =2

-1
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